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ABSTRACT 

An e n t i r e l y  r i go rous  method f o r  t h e  s o l u t i o n  of t h e  equat ions  f o r  r ad i -  

a t i v e  t r a n s f e r  is presented  based on t h e  d i s c r e t e  o r d i n a t e  theory.  The ad- 

vantages of t h e  p re sen t  method a r e :  1. a l l  o rde r s  of m u l t i p l e  s c a t t e r i n g  

a r e  c a l c u l a t e d  a t  once; 2. l a y e r s  of any th ickness  may be  combined, so  t h a t  

a r e a l i s t i c  model of t h e  atmosphere can be  developed from any a r b i t r a r y  number 

of l a y e r s ,  each wi th  d i f f e r e n t  p r o p e r t i e s  and th icknesses ;  3 .  c a l c u l a t i o n s  

can r e a d i l y  b e  made f o r  l a r g e  o p t i c a l  depths and wi th  h ighly  a n i s o t r o p i c  

phase func t ions ;  4.  r e s u l t s  a r e  obta ined  f o r  any d e s i r e d  va lue  of t h e  sur-  

f a c e  albedo inc luding  t h e  va lue  u n i t y  and f o r  a l a r g e  number of p o l a r  and 

azimuthal  angles  inc luding  t h e  po la r  ang le  8 = 0'; 5. a l l  fundamental equa- 

t i o n s  can b e  i n t e r p r e t e d  immediately i n  terms of t h e  phys i ca l  i n t e r a c t i o n s  

a p p r o p r i a t e  t o  t h e  problem. Both t h e  gene ra l  theory and t h e  method of ealeu- 

l a t i o n  a r e  d iscussed .  A s  a f i r s t  example of t h e  method numerous curves a r e  

g iven  f o r  bo th  t h e  r e f l e c t e d  and t r ansmi t t ed  r ad i ance  f o r  Rayleigh s c a t t e r i n g  

from a homogeneous l a y e r  f o r  a range  of o p t i c a l  th icknesses  from 0.0019 t o  4096, 

s u r f a c e  albedo A = 0 ,  0 .2,  and 1, and cos ine  of s o l a r  z e n i t h  ang le  p = 1, 

0.5379, and 0.1882. 



1. In t roduc t ion  

The r a d i a t i o n  f i e l d  a r i s i n g  from m u l t i p l e  s c a t t e r e d  photons i n  a plane- 

t a r y  atmosphere i s  of g r e a t  p r a c t i c a l  i n t e r e s t .  Elegant  and e l a b o r a t e  mathe- 

ma t i ca l  s o l u t i o n s  have been developed f o r  i s o t r o p i c  and Rayleigh s c a t t e r i n g  

by Chandrasekhar (1960), Sekera (1956, 1957),  Kourganoff (1952), and o t h e r s .  

Numerical va lues  f o r  t h e  va r ious  parameters of t h e  d i f f u s e  r a d i a t i o n  from a 

p l ane ta ry  atmosphere wi th  Rayleigh s c a t t e r i n g  have been given i n  a set of 

t a b l e s  publ ished by Coulson, Dave, and Sekera (1960). These t a b l e s  a r e  l imi t ed  

t o  o p t i c a l  t h i cknesses  of u n i t y  o r  l e s s .  Numerical r e s u l t s  f o r  Rayleigh s c a t -  

t e r i n g  have a l s o  been presented  by Herman and Browning (1965), Dave and 

Furukawa (1966), Kahle (1968a, b ) ,  Howell and Jacobowitz (1970), and F p a t  and 

Abhyankar (1971), among o t h e r s .  Among t h e s e  au tho r s  only  Dave and Furukawa 

(1966) and Kahle (1968b) g i v e  r ad i ance  va lues  f o r  an o p t i c a l  th ickness  a s  

l a r g e  as 10 .  Most of t h e  publ ished r e s u l t s  a r e  f o r  a s u r f a c e  albedo of zero .  

More r e a l i s t i c  problems f o r  p l ane t a ry  atmospheres which t a k e  account  of 

t h e  h igh ly  a n i s o t r o p i c  s c a t t e r i n g  from a e r o s o l s  a s  w e l l  a s  t h e  v a r i a t i o n s  

i n  t h e  atmospheric parameters  wi th  he igh t  have no t  been s u c c e s s f u l l y  solved 

i n  terms of s t anda rd  mathematical func t ions .  Various numerical techniques 

have a l s o  been proposed t o  c a l c u l a t e  t h e  r ad i ance  f o r  a n i s o t r o p i c  s c a t t e r i n g .  

Some of t h e s e  methods such as t h a t  of Herman e t  a 1  (1971) appear t o  b e  app l i -  

c a b l e  only f o r  small o p t i c a l  th icknesses .  Important r e s u l t s  us ing  ma t r ix  

o r  doubling methods have been given by Twomey e t  a 1  (1967), Dave and Gazdag 

(1970), Dave (1970), Hansen (1969a, b ,  1971a, b ) ,  and Hansen and Po l l ack  

(1970). As i n t e r e s t i n g  as they a r e ,  t h e s e  r e s u l t s  a r e  l i m i t e d  by va r ious  

f a c t o r s .  Those of Twomey e t  a 1  (1967) u s e  a phase func t ion  t h a t  i s  averaged 



over a range  of angles .  Most of t h e s e  au tho r s  u s e  a doubling method which 

is  a p p l i c a b l e  t o  homogenous l a y e r s ,  b u t  has  n o t  been appl ied  a s  y e t  t o  t h e  

r e a l  atmosphere where va r ious  parameters vary  w i t h  h e i g h t .  Furthermore i n  

most of t h e s e  methods, each o rde r  of m u l t i p l e  s c a t t e r i n g  must be  cal-culated 

s e p a r a t e l y  and f i n a l l y  added toge the r .  

The d i s c r e t e  o r d i n a t e  theory has  s e v e r a l  important  advantages over t h e s e  

o t h e r  methods. The gene ra l  theory of d i s c r e t e  spaces has been presented  by 

P re i sendor fe r  (1965). Important con t r ibu t ions  t o  t h e  theory have been 

made by Twomey e t  a1 (1966) and more r e c e n t l y  by Grant and Hunt (1969). 

Our method i s  c l o s e l y  r e l a t e d  t o  t h a t  of Grant and Hunt, b u t  i nco rpora t e s  

va r ious  improvements and develops a very  much s impler  express ion  f o r  t h e  

rad iance  w i t h i n  a l a y e r .  

A p a r t i c u l a r l y  s imple  form of t h e  d i s c r e t e  o r d i n a t e  theory is  presented  

h e r e  t h a t  is e s p e c i a l l y  designed f o r  a p p l i c a t i o n  t o  phys i ca l  problems of 

r a d i a t i v e  t r a n s f e r .  This  i s  an  e n t i r e l y  r i go rous  method f o r  t h e  s o l u t i o n  

of t h e  equat ions  f o r  r a d i a t i v e  t r a n s f e r .  The theory given h e r e  has  t h e  f o l -  

lowing important  advantages: 1. a l l  o rde r s  of m u l t i p l e  s c a t t e r i n g  a r e  ca l -  

c u l a t e d  a t  once wi th  a corresponding r educ t ion  i n  computer t ime over  methods 

involv ing  i t e r a t i o n s ;  2. l a y e r s  of any th ickness  may b e  combined, so  t h a t  

a r e a l i s t i c  model of t h e  atmosphere may be  developed from any a r b i t r a r y  num- 

b e r  of l a y e r s  of any predetermined th i cknesses ,  each w i t h  d i f f e r e n t  proper- 

t i e s ;  3.  c a l c u l a t i o n s  can r e a d i l y  b e  made f o r  l a r g e  o p t i c a l  depths and w i t h  

h igh ly  a n i s o t r o p i c  phase func t ions ;  4 .  r e s u l t s  a r e  obta ined  f o r  any d e s l r e d  

va lue  of t h e  s u r f a c e  albedo inc lud ing  t h e  v a l u e  u n i t y  a s  w e l l  as f o r  any 

po la r  a n g l e  which corresponds t o  one of t h e  s e t  given by t h e  Lobat to i n t e -  

g r a t i o n  scheme f o r  t h e  number of i n t e g r a t i o n  p o i n t s  chosen ( t h e  p o l a r  ang le  



0 = 0' i s  always included i n  t h e  s e t ) ;  5. a l l  fundamental equat ions  can b e  

i n t e r p r e t e d  immediately i n  terms of t h e  phys i ca l  i n t e r a c t i o n s  a p p r o p r i a t e  

t o  t h e  problem. 

Af t e r  p r e s e n t a t i o n  of t h e  gene ra l  theory and t h e  method of numerical 

c a l c u l a t i o n ,  r e s u l t s  a r e  g iven  f o r  Rayleigh s c a t t e r i n g  from a homogeneous 

l a y e r .  Fu r the r  papers  i n  t h i s  s e r i e s  w i l l  p r e sen t  r e s u l t s  f o r  o t h e r  ca ses ,  

i nc lud ing  more a n i s o t r o p i c  phase func t ions  and inhomogenesus atmospheres. 



1. D i s c r e t e  Ordina te  Theory 

I n  a  p l ane  p a r a l l e l  medium a l l  p r o p e r t i e s  depend on a  s i n g l e  s p a t i a l  

coo rd ina t e  x .  For convenience t h e  p o s i t i o n  w i t h i n  t h e  medium i s  denoted by 

t h e  o p t i c a l  depth T ,  def ined  as t h e  d i s t a n c e  x  w i t h i n  t h e  medium div ided  by 

t h e  a t t e n u a t i o n  l eng th .  Divide t h e  medium i n t o  any d e s i r e d  number of l a y e r s ;  

t h e  boundaries  between l a y e r s  a r e  i nd ica t ed  i n  order  from t h e  top  of t h e  

medium by t h e  va lue  of t h e  o p t i c a l  depth a t  t h e  boundary T ~ ,  T ~ ,  T ~ .  The 

medium may b e  inhomogeneous w i t h i n  any l a y e r  ( s e e  Fig.  1 ) .  

+ 
Le t  I (T)  be  t h e  s p e c i f i c  i n t e n s i t y  a t  t h e  o p t i c a l  depth T f o r  t h e  

r a d i a t i o n  i n  t h e  downward d i r e c t i o n  according t o  t h e  u s u a l  d e f i n i t i o n .  I n  

+ 
d i s c r e t e  o r d i n a t e  theory I (T)  i s  a column ma t r ix  

+ -1 
where I ( T , v ~ )  is t h e  downward i n t e n s i t y  a t  t h e  ang le  0 = cos I V i  cO<uisl) * 

The azimuthal  o r  4 dependence can b e  sepa ra t ed  o u t  of t h e  equat ion  a s  I s  shown 

i n  Sec t ion  2 and its i n c l u s i o n  h e r e  i s  unnecessary. S i m i l a r l y  l e t  I-(T) b e  a 

column ma t r ix  t h a t  r ep re sen t s  t h e  upward i n t e n s i t y .  

Consider t h e  i n t e n s i t i e s  of t h e  r a d i a t i o n  emerging from a  l a y e r  whose 

4- boundaries  a r e  a t  T and r These i n t e n s i t i e s ,  I ( T ~ )  and I-(T ), depend 
0 1 ' 0 

+ l i n e a r l y  on t h e  i n c i d e n t  i n t e n s i t i e s ,  I ( T  ) and I-(T ), and t h e  c o n t r i b u t i o n  
0  1 

+ from t h e  sources  w i t h i n  t h e  l a y e r ,  J (T T ) and J-(T , T  ) ( t h e  downward 0 '  1 1 0  



i n t e n s i t y  a t  T and t h e  upward i n t e n s i t y  a t  T due t o  sources  w i t h i n  t h e  
1 0 

l a y e r ) .  Except when i t  is necessary  t o  emphasize t h e  dependence on T ,  w e  

- + 
use  t h e  fo l lowing  concise  n o t a t i o n :  I = I - ( T ~ ) ,  I+, = I ( T ~ ) ,  = I - ( T ~ )  ,, 

+ + + - 
= I ( T ~ ) ,  J 01 = J (T T ), and J- = J r 0 ) .  

0 '  1 10 

Thus 

where t = t ( r 0 , r l )  is  a  d i f f u s e  t ransmiss ion  ope ra to r  and r = ~ ( T ~ ~ T ~ )  0 1 01 

i s  a d i f f u s e  r e f l e c t i o n  ope ra to r .  For homogeneous l a y e r s  r = r and 0 1  10  

T~~ = T ~ ~ ,  b u t  t h e s e  r e l a t i o n s  no longer  hold i n  gene ra l  f o r  inhomogeneous 

l a y e r s .  The ope ra to r s  r and t a r e  R x R mat r i ce s  which mul t ip ly  t h e  column 

v e c t o r s  I. 

The problem t r e a t e d  i n  t h i s  s e c t i o n  is  t h e  d e r i v a t i o n  of t h e  express ion  

f o r  t h e  d i f f u s e  r e f l e c t i o n  and t ransmiss ion  ope ra to r s  f o r  a  combined l a y e r  

(from T t o  T ) from t h e  known ope ra to r s  f o r  two s e p a r a t e  l a y e r s  (from T 
0  2 0 

t o  T and from T t o  T ~ ) .  The r e s u l t i n g  express ion  is  v a l i d  f o r  t h e  com- 
1 1 

b i n a t i o n  o f a n y  two l a y e r s  of f i n i t e  s i z e  and d i f f e r e n t  p r o p e r t i e s .  I n  t h e  

next  s e c t i o n  t h e  r e l a t i o n  between these  ope ra to r s  and t h e  l o c a l  phys i ca l  

p r o p e r t i e s  ( s i n g l e  s c a t t e r i n g  func t ion  and s i n g l e  s c a t t e r i n g  albedo)  a r e  

der ived .  

Equations similar t o  Eq. (2) a r e  v a l i d  f o r  t h e  emerging f l u x  of t h e  

l a y e r  from T t o  T 
1 2 



and a l s o  f o r  t h e  combined l a y e r  from r t o  T 0 2 

Mul t ip ly  Eq. (2a) by r12 from t h e  l e f t ,  add t h i s  equat ion  t o  Eq. (3b) ,  

and mul t ip ly  t h e  r e s u l t i n g  equat ion  from t h e  l e f t  by (E - r l 2 r O 1  where 

E i s  t h e  i d e n t i t y  mat r ix ,  t o  o b t a i n  

This  equat ion  r e l a t e s  t h e  upward f l u x  a t  any i n t e r i o r  p o i n t  rl i n  t h e  
- 

l a y e r  from r t o  r wi th  t h e  i n c i d e n t  upward and downward f l u x ,  1 and 0 2 

I + ~  r e s p e c t i v e l y ,  a t  t h e  boundaries  and t h e  sou rce  func t ions  f o r  t h e  l a y e r s .  

The phys i ca l  i n t e r p r e t a t i o n  of t h i s  type  of equat ion  is  d iscussed  l a t e r .  

Mult iply Eq. (3b) by r10 from t h e  l e f t ,  add t h i s  equat ion  t o  Eq. (2a ) ,  

and mul t ip ly  t h e  r e s u l t i n g  equat ion  from t h e  l e f t  by (E - rl0rI2)-l t o  

o b t a i n  

This  express ion  g ives  t h e  downward f l u x  a t  any i n t e r i o r  p o i n t  r ,  i n  t h e  

l a y e r  from T t o  T 
0 2 ' 

S u b s t i t u t e  t h e  express ion  f o r  from Eq . ( 6 )  i n t o  Eq . (3a) . The 

+ + - 
r e s u l t i n g  equat ion  expresses  I + 2 i n  terms of I 0, I 2,  and J 02. A com- 

pa r i son  of t h e  c o e f f i c i e n t s  of t h e s e  q u a n t i t i e s  w i t h  Eq. (4a) y i e l d s  t h e  

fo l lowing  express ions  



S i m i l a r l y  t h e  s u b s t i t u t i o n  of t h e  express ion  f o r  I- from Eq. (5) 1 

i n t o  Eq. (2b) and comparison of t h i s  r e s u l t  w i th  Eq. (4b)  y i e l d s :  

The p h y s i c a l  meaning of t h e s e  equat ions is  found i f  a formal expansion 

of t h e  q u a n t i t y  (E - 
=-10r12 

)-I i s  made 

S u b s t i t u t i o n  of t h i s  express ion  i n  Eq. (8a) ,  f o r  example, y i e l d s  

According t o  Eq. (4a ) ,  rZ0 gives  t h e  c o n t r i b u t i o n  t o  t h e  downward f l u x  a t  

t h e  lower boundary, I + ~ ,  from a n  i n c i d e n t  upward f l u x  I- 2' 
The c o n t r i -  

bu t ion  from t h e  term k = j i n  Eq. (11) corresponds t o  r a d i a t i o n  t h a t  has  

been d i f f u s e l y  r e f l e c t e d  from t h e  l a y e r  ( T ~ , T ~ )  j times. Equation (11) 

s t a t e s  t h a t  t h e  r a d i a t i o n  r e f l e c t e d  from t h e  l a y e r  ( T ~ , T ~ )  is  equa l  t o  t h e  

r a d i a t i o n  r e f l e c t e d  d i r e c t l y  from t h e  l a y e r  ( T ~ , T ~ ) ,  r21, t o  which i s  added 

t h e  r a d i a t i o n  which undergoes d i f f u s e  t ransmiss ion  through t h e  lower l a y e r ,  

t times t h e  d i f f u s e  r e f l e c t i o n  from t h e  upper l a y e r ,  rlO9 
21 ' t imes j d i f -  

f u s e  r e f l e c t i o n s  from t h e  lower and then  t h e  upper l a y e r ,  (r10r12) j , t lrnes 

t h e  d i f f u s e  t ransmiss ion  through t h e  lower l a y e r ,  
5 2 "  



The physical  meaning of each of t h e  o ther  expressions f o r  t h e  d i f f u s e  

transmittance,  r e f l ec tance ,  and emittance is  obtained i n  t h e  same mnner .  

One advantage of t h e  d i s c r e t e  o rd ina te  method is t h a t  each quant i ty  i n  the  

f i n a l  equations has a d i r e c t  physical  meaning. The key r e s u l t s  a r e  given by 

Eqs. (7-9), which give expressions f o r  t h e  d i f f u s e  transmittance,  r e f l ec -  

tance, and emittance f o r  t h e  combination of any two atmospheric l ayers  of 

a r b i t r a r y  thickness.  The upward and downward d i f f u s e  i n t e n s i t y  a t  the  

boundary of the  combined l ayer  i s  obtained from Eq. (4 ) .  The d i f f u s e  inten- 

s i t y  a t  any point  wi th in  a l a y e r  i s  given by Eqs. (5) and (6) ,  an e2rpression 

appreciably simpler than those previously given i n  t h e  l i t e r a t u r e  (Grant 

and Hunt, 1969). The physical  meaning of each term i n  these  equations i s  

obtained by the  same method a s  discussed i n  connection with Eq. ($a). For 

example, the  upward d i f f u s e  f l u x  a t  the  i n t e r i o r  point  T ,  i s  given by Eq. (5) 

a s  (1) t h e  r e f l e c t i o n  t o  every order between the  l ayers  of contr ibut ions  

from t h e  upward d i f f u s e  i n t e n s i t y  a t  t h e  lower boundary T t ransmitted 
2 

through t h e  lower l ayer  (1,2) ,  (2) the  downward d i f f u s e  i n t e n s i t y  a t  the  

upper boundary T t ransmitted through t h e  upper l ayer  ( 0 , l )  and r e f l e c t e d  
0 

from t h e  lower l ayer  (1,2) ,  (3)  t h e  upward d i f f u s e  emission of t h e  l ayer  

(1,2), and (4) t h e  downward d i f f u s e  emission from t h e  upper l ayer  (0,1) 

r e f l e c t e d  from the  lower l ayer  (1,2) a s  represented by the  f i r s t ,  second, 

t h i r d ,  and four th  terms of t h e  r i g h t  hand bracket  i n  Eq. (5) respect ively .  

Any r e f l e c t i n g  proper t ies  of a lower boundary su r face  can e a s i l y  be  

included i n  the  formalism. A l aye r  extending from T t o  T can be  combined 
0 1 

with a lower boundary su r face  i f  t h e  d i f f u s e  transmission and r e f l e c t i o n  op- 

e r a t o r  can b e  defined. Consider the  lower su r face  a s  extending from rl t o  r2. 



+ - 
The boundary cond i t i on  is  t h a t  1 = I = 0,  i . e .  no r a d i a t i o n  e i t h e r  l eaves  2 

o r  i s  i n c i d e n t  on t h e  T boundary of t h e  ground. The appropr i a t e  t ransmiss ion  
2 

and r e f l e c t i o n  o p e r a t o r s  a r e  t = tZ1 = 0 and r = r = r Thus, i t  
12 12 21 G' 

fol lows from Eq. (2)  t h a t  

The ma t r ix  r is  determined f o r  any s u r f a c e  by c a l c u l a t i o n  of t h e  
G 

d i f f u s e  i n t e n s i t y  r e f l e c t e d  a t  every ang le  from a given downward i n t e n s i t y  

a t  a p a r t i c u l a r  ang le  of incidence.  The ang le  of inc idence  i s  then  v a r i e d  

through a l l  va lues  considered i n  t h e  problem. The albedo of t h e  s u r f a c e  i s  

obta ined  from t h e  r a t i o  of t h e  upward f l u x  t o  t h e  downward f l u x  a t  t h e  sur-  

f ace .  The elements of r i n  a given column a r e  a l l  equa l  f o r  a Lambert 
G 

s u r f  ace .  



2. Numerical Techniques 

The theory is  extended i n  t h i s  s e c t i o n  t o  i nc lude  t h e  case  where t h e  

r ad i ance  depends on both p  and $. Four ie r  a n a l y s i s  is  used t o  decouple 

t h e  azimuth dependence i n  t h e  equat ions .  Consider t h e  equat ion  of t r a n s f e r  

f o r  t h e  d i f f u s e  r ad i ance  I ( T ; ~ , $ )  i . e . ,  

where F  is  t h e  i n c i d e n t  s o l a r  f l u x ,  w is  t h e  s i n g l e  s c a t t e r i n g  albedo,  and 

-1 I LI < 1 and 0  I w ( ~ )  < 1. The phase func t ion  p ( ~ ; p , $ ; p  ,$ ) is  s u b j e c t  
0  0 

t o  t h e  fol lowing normal iza t ion  cond i t i on  

S ince  t h e  phase f u n c t i o n  depends only on t h e  c o s i n e  of t h e  ang le  between 

t h e  d i r e c t i o n s  (p,$)  and ( ~ ' ~ 4 ' " )  then  

The s tandard  Legendre polynomial expansion technique  (.Chandrasekhar :, 

1960) is used t o  decouple t h e  $ dependence. Assume t h a t  t h e  phase f u n c t i o n  

c o n s i s t s  of on ly  a  f i n i t e  number of terms N,  s o  t h a t  

N 
p ( c o s O )  = C p  (u9uf )  cos R (4-4 ' ) .  

R=0 R 



This  equat ion  toge the r  wi th  E q .  (14) y i e l d s  

f o r  a l l  0 < u 6 1. Assume t h a t  t h e  r ad i ance  I has a s i m i l a r  expansion, 

namely 

This  expansion toge the r  wi th  Eqs. (16) and (13) y i e l d s  

f o r  R = 0,  1, 2, . . . , N. We have thus  reduced E q .  (13) t o  a system of  

N + 1 independent equat ions .  Rewri t ing Eq . (19) i n  terms of t h e  upward (I-) 

+ 
and downward ( I  ) r ad i ance  we have 



I n  d i s c r e t e  o r d i n a t e  theory t h e  i n t e g r a l s  a r e  d i s c r e t i z e d  by some 

appropr i a t e  quadra ture  formula. I n  a l l  t h e  c a l c u l a t i o n s  r epo r t ed  i n  t h i s  

a r t i c l e  Lobat to i n t e g r a t i o n  i s  used s i n c e  i t  al lows computations of t h e  

r ad i ance  a t  p = +1. The quadra ture  i s  performed a s  fo l lows:  

where t h e  e r r o r  term R vanishes  f o r  a  polynomial of degree  5 2n - 3 .  
n 

The a b s c i s s a s  p and weights  c  were taken from Stroud and Sec res t  
j j 

(1966). Le t  us  adopt  t h e  fo l lowing  ma t r ix  n o t a t i o n  f o r  t h e  d i s c r e t e  

o r d i n a t e  c a s e  



+- 
e x ~  (-T /v I) . . . pa Im exp (-. lv 

- 
2, 9 = Fu(T) 

j 

~ X P /  ... +- 
Pa mm exp (-T /v 

I 



where p > 0 ,  m = n/2 (n is t h e  o rde r  of t h e  quadra ture  i n  Eq. (21) )  and 
i 

each column i n  t h e  r ad i ance  ma t r ix  corresponds t o  a d i f f e r e n t  ang le  of 

inc idence  f o r  t h e  source.  

Equation (20) i n  t h i s  r e p r e s e n t a t i o n  becomes 

With t h e  equat ion  of t r a n s f e r  expressed i n  t h i s  form, t h e  i n f i n i t e s i m a l  

gene ra to r s  of t h e  s t a r  semigroup a r e  a s  fo l lows  ( s e e  Grant and Hunt, 1969). 

* 
f r ( T )  = .-'[! -W (T)T(1 + 6 ) P  (T) C] , O R - R  - 

+- 
: ~ ( T I  = ?-'w(.r)~(l + 6 0 L ) ~ R  ( - c ) ~ ,  

~ Z ( T )  = M-'U(T)T(~ + 6 OR ) ~ - + ( T ) c ,  -2 - 
-1 

!;-(TI = M [ F  - w ( r ) n ( l  + ~ o , ) p ~ - ( ~ ) f l  , 

+ -1 c 
E a  (TI  = 5 JR 9 

-1 - 

where E denotes  t h e  i d e n t i t y  mat r ix .  - 
It should b e  noted t h a t  due t o  t h e  symmetry cond i t i ons  of t h e  phase 

i-t -- +- -4 func t ion  ( s e e  Eq. (15))  t h a t  f R  = r and f R  = r . This  symmetry l eads  - R - R 

t o  r e c i p r o c i t y  i n  t h e  equat ion  of t r a n s f e r .  The ope ra to r s  r and t f o r  an  - - 



i n f i n i t e s i m a l  l a y e r  can now b e  expressed as fol lows : 

where -r0 5 5 5 .rl and A10 - 
- Tl - To* We a l s o  have t h e  r e l a t i o n s  

Since t h e  ope ra to r s  f o r  an  i n f i n i t e s i m a l  l a y e r  have been de f ined ,  t h e  s t a r  

product  a lgor i thm ( s e e  Eqs. (7a) - (9b)) can b e  used t o  b u i l d  up a  layer 

of any d e s i r e d  th ickness .  

I n  o r d e r  t o  i n s u r e  t h a t  t h e  ma t r i ce s  i n  Eq.  (25) a r e  non-negative, 

t h e  fo l lowing  cond i t i on  must b e  s a t i s f i e d  ( see  Grant and Hunt, 1969). 

0 5 - T ) > min {v5/ [ l  - % m ( ~ ) l } *  
O P i  

- 15 A va lue  of 2  f o r  A10 is  chosen i n  o rde r  t o  i n s u r e  t h a t  t h e  trunea- 

t i o n  e r r o r  i s  sma l l  enough f o r  t h e  s i n g l e  s c a t t e r i n g  approximation t o  hold .  

Thus when t h e  th ickness  of  t h e  l a y e r  i s  doubled each time, a  va lue  of 

r = 1 is  reached i n  f i f t e e n  s t e p s .  



a .  Computational Aspects 

The s t a b i l i t y  of t h e  d i s c r e t e  o r d i n a t e  a lgor i thm f o r  l a r g e  o p t i c a l  

depths depends on c a r e f u l  a t t e n t i o n  t o  s e v e r a l  p o i n t s .  The f i r s t  of 

t hese  involves  t h e  normal iza t ion  of t h e  phase func t ion  ( s e e  E q .  ( 1 7 ) ) .  

A t a b u l a r  phase func t ion  i s  used t o  compute t h e  c o e f f i c i e n t  pR(pi,pj) 

i n  Eq.  (16) i n  t h e  fo l lowing  way: 

where $ = 2 7 ~ / N ;  l i n e a r  i n t e r p o l a t i o n  i s  used t o  eva lua t e  t h e  phase f u n c t l o n  

a t  i n t e rmed ia t e  po in t s .  For each 11 and u t h e  number of R terms needed i s  
i j 

found by succes s ive ly  adding terms i n  t h e  s e r i e s  expansion u n t i l  t h e  

o r i g i n a l  phase func t ion  has  been approximated t o  t h e  d e s i r e d  accuracy,  

I f  pO(",pj) computed i n  t h i s  manner is  s u b s t i t u t e d  i n t o  Eq. (17) ,  a  sma l l  

e r r o r  i n  t h e  normal iza t ion  is  found i n  gene ra l .  Furthermore t h e  n o m a l i z a -  

t i o n  cons t an t  i s  a  func t ion  of p ,  i . e . ,  

f o r  0  < p .< 1. A c o r r e c t i o n  ma t r ix  is  computed from t h e  e r r o r s  E . This  
j -  j 

ma t r ix  is made symmetric t o  p re se rve  r e c i p r o c i t y .  To i n s u r e  t h a t  t h i s  eor- 

r e c t i o n  ma t r ix  is  small a  l a r g e  number of quadra ture  p o i n t s  must b e  used nn 

t h e  c a s e  of a  h igh ly  a n i s o t r o p i c  s c a t t e r i n g  func t ion .  

b.  Lambert Su r face  

By d e f i n i t i o n  a Lambert s u r f a c e  of a lbedo A conver t s  any r ad iance  



+ 
d i s t r i b u t i o n  impinging upon i t  i n t o  a uniform d i s t r i b u t i o n ;  i f  F i s  t h e  

+ 
downward f l u x ,  then  AF is  t h e  upward f lux .  The ma t r ix  r e p r e s e n t a t i o n  of r 

G 

from Eq. (12) i n  d i s c r e t e  o r d i n a t e  theory i s  

The only  remaining ope ra to r  t o  b e  def ined  i s  C-which i s  t h e  source 
G 

term f o r  t h e  Lambert s u r f a c e  due t o  t h e  unsca t t e r ed  i n c i d e n t  f l u x .  The 

mat r ix  r e p r e s e n t a t i o n  of t h i s  ope ra to r  i s  given by 

The s t a r  product  a lgor i thm (Eqs. (7a) - (9b))  can now b e  used d i r e c t l y  by 

t r e a t i n g  t h e  s u r f a c e  extending from T t o  r a s  a degenera te  s l a b ,  I.@, 
1 2 

r = r  = r  a n d t  = t  = O .  
12 21 G 1 2  21 



3.  Radiance f o r  Rayleigh S c a t t e r i n g  

The d i s c r e t e  o r d i n a t e  method descr ibed  h e r e  has been used t o  c a l c u l a t e  

t h e  rad iance  f o r  Rayleigh s c a t t e r i n g .  A 42 term Lobat to i n t e g r a t i o n  was 

used which i s  equ iva l en t  t o  f i t t i n g  t h e  func t ion  wi th  a 8 1 s t  degree 

polynomial. The r e s u l t s  were p r i n t e d  f o r  each combination of t h e  21 

va lues  of p and p0 as w e l l  a s  f o r  seven $ values  and 3 d i f f e r e n t  va lues  of 

t h e  s u r f a c e  albedo A. These va lues  have been checked a g a i n s t  a l l  publ ished 

va lues  of t h e  rad iance .  I n  most ca ses  only an  approximate check can b e  

made s i n c e  t h e  va lues  of p a r e  d i f f e r e n t  f o r  t h e  two c a l c u l a t i o n s ;  however, 

i n  a l l  c a ses  t h e  r e s u l t s  a g r e e  t o  w i t h i n  t h e  a v a i l a b l e  accuracy. A d i f -  

f e r e n t  check was made by r epea t ing  our  c a l c u l a t i o n  wi th  only a 14  term 

Lobat to i n t e g r a t i o n .  These r e s u l t s  agree  a t  a l l  o p t i c a l  th icknesses  t o  

w i t h i n  0.2%. The s t a b i l i t y  of  t h e  method was e s t a b l i s h e d  by no t ing  t h a t  

f o r  t h e  conse rva t ive  case  f l u x  was conserved t o  1 p a r t  i n  l o 6  f o r  o p t i c a l  

depths  g r e a t e r  than  4000. The incoming s o l a r  f l u x  i s  normalized t o  u n i t y  

i n  our  c a l c u l a t i o n s .  

The upward r ad iance  when t h e  cos ine  of t h e  s o l a r  z e n i t h  a n g l e  .CI = It 
0 

i s  shown i n  Fig.  2a f o r  a s u r f a c e  albedo A = 0. There i s  limb b r igh ten ing  

f o r  small va lues  of t h e  o p t i c a l  depth T; however, when T i s  g r e a t e r  than  a 

va lue  near  un i ty ,  limb darkening occurs .  I n  a l l  of t h e  f i g u r e s  given here 

f o r  t h e  upward rad iance ,  t h e  curve f o r  t h e  l a r g e s t  T va lue  i n  each c a s e  

is  a l i m i t i n g  curve which does n o t  change f u r t h e r  by more than  t h e  width 

of t h e  symbol a s  T i nc reases  f u r t h e r .  

The upward r ad iance  when p = 1 and A = 0.2 i s  given i n  Fig.  2b. When T 0 

is  very  smal l ,  t h e  upward r ad iance  is  e s s e n t i a l l y  cons t an t ,  s i n c e  the  



observed r a d i a t i o n  c o n s i s t s  almost e n t i r e l y  of photons which have been 

r e f l e c t e d  uniformly i n  a l l  d i r e c t i o n s  by t h e  Lambert s u r f a c e  and very few 

which have been s c a t t e r e d  i n  t h e  atmosphere. A s  T i nc reases  from a sma l l  

va lue  limb b r igh ten ing  changes t o  limb darkening when T - 1. 

The upward r ad iance  when u = 1 and A = 1 is shown i n  Fig.  3a. There 0 

i s  r e l a t i v e l y  l i t t l e  v a r i a t i o n   with^; t h e  curve changes from nea r ly  a 

cons t an t  t o  one wi th  limb darkening as T i nc reases .  For l a r g e  T va lues  t h e  

r a t i o  of t h e  upward r ad iance  a t  t h e  z e n i t h  t o  t h a t  near t h e  hor izon  ( l a s t  

computed p o i n t  p = 0.03785 o r  8 = 87.83') i s  1.576. 

The upward r ad iance  when u = 0.5379 and A = 0 i s  shown i n  Fig. 4 
0 

f o r  4 = 0' ( l e f t  hand s i d e )  and 4 = 180' ( r i g h t  hand s i d e ) .  One p a r t i c u l a r  

curve r e p r e s e n t s  t h e  rad iance  t h a t  would b e  observed i n  t h e  p r i n c i p a l  p lane  

from t h e  ho r i zon  through t h e  a n t i - s o l a r  p o i n t  t o  t h e  z e n i t h  and back down 

t o  t h e  oppos i t e  horizon.  One of t h e  most i n t e r e s t i n g  f e a t u r e s  of t h e s e  

curves i s  t h e  s t r o n g  asymmetry near  t h e  n a d i r  when T i s  smal l ;  i n  t h i s  
0 

reg ion  t h e  r ad i ance  i s  always g r e a t e r  f o r  4 = 180 than  t h e  corresponding 

va lue  f o r  4 = oO. Curves a r e  n o t  shown h e r e  f o r  o the r  va lues  of 4 ,  s i n c e  

t h e  v a r i a t i o n  i s  r e l a t i v e l y  small .  

The upward r ad iance  when = 0.1882 and A = 0 is  shown i n  F ig ,  5 0 

when 4 = 0' and 180°, i n  Fig. 6 when 4 = 30' and 150°, and i n  Fig. 3b when 

4 = 90'. There is  t h e  same asymmetry i n  t h e  curves near  t h e  n a d i r  when r 

i s  small .  The l i m i t i n g  curve f o r  l a r g e  T shows a pronounced limb b r igh ten ing  

a t  bo th  hor izons .  The v a r i a t i o n  wi th  4 i s  modest. 

The upward r ad iance  when u = 0.1882 and A = 0.2 i s  given i n  F ig .  7 0 

when 4 = 0' and 180' and i n  F ig .  8a  when 4 = 90'. The r ad iance  when r < < l  



i s  n e a r l y  independent of t h e  n a d i r  angle .  On t h e  o t h e r  hand t h e  l i m i t i n g  

curve f o r  l a r g e  T is  nea r ly  t h e  same a s  when A = 0. 

The upward r ad iance  when p = 0.5379 o r  p0 = 0.1882 and A = 1 is  shown 
0 

i n  Fig. 9 when 4 = 0' and 180' and i n  Fig.  8b when 4 = 90'. When ~ < < l  

t h e  upward r ad iance  i s  nea r ly  independent of p ,  s i n c e  almost a l l  of t he  

observed photons have been r e f l e c t e d  from t h e  Lambert su r f ace .  A s  T i n -  

c r e a s e s  more v a r i a t i o n  develops i n  t h e  r ad i ance  curves f o r  p = 0.1882 
0 

than  f o r  F! = 0.5379. A s l i g h t  limb b r igh ten ing  develops i n  t h e  p r i n c i p a l  
0 

p lane  f o r  .CI = 0.5379 a s  T i n c r e a s e s ,  w h i l e  a s l i g h t  limb darkening a r i s e s  0 

a t  4 = 90'. For 1-1 = 0.1882 t h e r e  is  a more pronounced limb b r igh ten ing  0 

i n  t h e  p r i n c i p a l  p lane  a s  T i n c r e a s e s  t oge the r  w i t h  a n  asymmetry i n  t h e  

curve around t h e  nad i r .  The limb b r igh ten ing  i s  a l s o  p re sen t  f o r  4 = 90'. 

The downward r ad iance  when p = 1 and A = 0, 0.2,  and 1 i s  shown 
0 

i n  F igs .  10a, lob ,  and l l a  r e s p e c t i v e l y .  A s  T i n c r e a s e s  from a very  smal l  

va lue ,  t h e  downward r ad iance  inc reases  f o r  a given p va lue  and reaches  a 

maximum va lue  when T - 1 f o r  A = 0 and 0.2. Limb b r igh ten ing  a l s o  changes 

t o  limb darkening near  T = 1. When A = 1 t h e  downward r ad iance  approaches 

a cons t an t  l i m i t i n g  va lue  on t h e  s c a l e  of t h e s e  curves when T - 16; s i n c e  

t h e r e  is  no abso rp t ion  e i t h e r  i n  t h e  atmosphere o r  a t  t h e  boundary s u r f a c e ,  

a uniform r a d i a t i o n  f i e l d  develops deep i n  such a n  atmosphere. A quan t i t y  

of i n t e r e s t  is  t h e  r a t i o  of t h e  downward r ad iance  a t  t h e  z e n i t h  t o  t h e  value 

near t h e  hor izon  ( l a s t  computed p o i n t  p = 0.03785 o r  8 = 87.83') f o r  l a r g e  

va lues  of T ;  t h i s  r a t i o  i s  2.713, 2.115, and 1.000 when A = 0, 0.2, and 1 

r e s p e c t i v e l y .  The r a t i o  i s  independent of t h e  va lue  of p i n  t h e  l i m i t  of 
0 

l a r g e  T, 



The downward r ad iance  i n  t h e  p r i n c i p a l  p l ane  when pO = 0.5379 is  shown 

i n  Fig. 12. The same f e a t u r e s  appear i n  t h e s e  curves a s  i n  t hose  f o r  p = 1 
0 

a l r eady  d iscussed .  There is  an  asymmetry i n  t h e  curves around t h e  zen i th  

d i r e c t i o n  when T 5 I. 

The downward r ad iance  when p = 0,1882 and A = 0 i s  shown i n  P ig .  1 3  
0 

when $ = 0' and 180' and i n  Fig.  l l b  when $ = 90'. Because of t h e  low 

s o l a r  angle ,  t h e  maximum value  of t h e  downward rad iance  f o r  1 ~ .  va lues  near  

t h e  hor izon  now occurs  f o r  va lues  of t h e  o p t i c a l  th ickness  apprec iab ly  l e s s  

than  u n i t y .  

The downward r ad iance  when p = 0.1882 and A = 0.2 i s  shown i n  Fig.  14 
0 

f o r  t h e  p r i n c i p a l  p l ane  and i n  Fig. 15a f o r  $ = 90'. These curves a r e  

very s i m i l a r  t o  t h e  corresponding curves f o r  A = 0. The downward r ad iance  

i s  no t  s e n s i t i v e  t o  t h e  va lue  of t h e  s u r f a c e  albedo i n  t h i s  range, s i n c e  a 

photon r e f l e c t e d  from t h e  s u r f a c e  i n t o  an  upward d i r e c t i o n  must b e  s c a t t e r e d  

another  t ime i n  o rde r  t o  j o i n  t h e  downward s t ream of r a d i a t i o n .  

The downward r ad iance  when p = 0.5379 and A = 1 is  given i n  Fig.  16 
0 

f o r  t h e  p r i n c i p a l  plane.  The curves f o r  ~ < < l  have t h e  same shape as those  

f o r  A = 0 and 0.2, bu t  t h e  a c t u a l  r ad i ance  va lues  a r e  g r e a t e r .  The downward 

r ad iance  f o r  A = 1 is e s s e n t i a l l y  independent of p when T i s  much l a r g e r  

than  u n i t y .  

The downward r ad iance  f o r  p = 0.1882 and A = 1 is shown i n  F ig .  17 
0 

f o r  = 0' and 180' and i n  Fig. 15b f o r  $ = 90'. The main d i f f e r e n c e  between 

t h e s e  curves and those  f o r  s o l a r  angles  nea re r  t h e  z e n i t h  i s  t h a t  t h e  down- 

ward r ad iance  near  t h e  hor izon  f o r  p = 0.1882 i s  apprec iab ly  g r e a t e r  than  0 

i t s  l i m i t i n g  va lue  f o r  l a r g e  T over  a range of T va lues  from approximately 

0.02 t o  1. For T va lues  l a r g e r  than  u n i t y  t h e  r ad i ance  approaches a cons t an t  

l i m i t i n g  v a l u e  independent of p. 



4. Conclusion 

A modified v e r s i o n  of t h e  d i s c r e t e  o r d i n a t e  theory of r a d i a t i v e  t r a n s f e r  

has  been presented  here.  This  theory has  r e l a t i v e l y  s imple express ions  f o r  

t h e  r ad i ance  a t  any depth  i n  a p l ane  p a r a l l e l  atmosphere wi th  each term re-  

p re sen t ing  a phys i ca l  i n t e r a c t i o n  appropr i a t e  t o  t h e  problem. No i t e r a t i o n  

procedures a r e  used, b u t  r a t h e r  a l l  o rde r s  of m u l t i p l e  s c a t t e r i n g  a r e  

c a l c u l a t e d  a t  once. This  theory  can b e  used when t h e  atmospheric para- 

meters vary  wi th  he igh t ,  s i n c e  l a y e r s  of any d e s i r e d  th icknesses  may b e  

combined. The r ad iance  may r e a d i l y  b e  c a l c u l a t e d  f o r  l a r g e  o p t i c a l  depths ,  

h igh ly  a n i s o t r o p i c  phase func t ions ,  f o r  a l l  va lues  of t h e  s u r f a c e  albedo 

inc lud ing  A = 1 and f o r  a number of  po la r  angles  i nc lud ing  = 1. As  a f i r s t  

a p p l i c a t i o n  of t h e  method d e t a i l e d  r e s u l t s  have been given f o r  Rayleigh 

s c a t t e r i n g  from a homogeneous l a y e r .  The upward and downward r ad iance  i s  

given f o r  o p t i c a l  th icknesses  T from 0.0019 t o  4096, f o r  s u r f a c e  albedo 

A = 0, 0.2, and 1, and f o r  cos ine  of s o l a r  z e n i t h  a n g l e  p = 1, 0.5379, and 

0.1882. This  work was supported i n  p a r t  by Grant No. NGR 44-001-117 from t h e  

Nat iona l  Aeronaut ics  and Space Administrat ion.  
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Legends f o r  Figures 

Fig. 1. Graphic r ep resen ta t ion  of d i s c r e t e  o r d i n a t e  vec tors .  

F ig  2. Upward radiance  a t  t h e  top  of  atmosphere f o r  Rayleigh s c a t t e r i n g  

f o r  p = 1 and var ious  va lues  of t h e  o p t i c a l  th ickness  T a s  a 
0 

funct ion  of  t h e  cos ine  of t h e  n a d i r  angle  p. The l e f t  hand f i g u r e  

is  f o r  A = 0 (Fig. 2a); t h e  r i g h t  hand f i g u r e  i s  f o r  A = 0.2 (Fig. 2b) .  

The l i m i t i n g  curve f o r  l a r g e  T is t h e  same a s  t h e  last  p l o t t e d  curve 

wi th in  t h e  width of t h e  symbols. 

Fig. 3a. Upward radiance  f o r  p = 1 and A = 1; Fig. 3b. p = 0.1882, A = 0 ,  
0 o 

and 4 = 90". See Fig. 2 f o r  key. 

Fig. 4. Upward radiance  f o r  yo = 0.5379, A = 0 ,  and $ = 0" and 180". See 

Fig. 2 f o r  key. 

Fig. 5. Upward radiance  f o r  yo  = 0.1882, A = 0 ,  and 4 = 0" and 180". See 

Fig. 2 f o r  key. 

Fig. 6. Upward radiance  f o r  v = 0.1882, A = 0,  and 4 = 30" and 150'. See 
0 

Fig. 2 f o r  key. 

Fig. 7. Upward radiance  f o r  Po = 0.1882, A = 0.2, and 4 = 0' and 180'. See 

Fig. 2 f o r  key. 

Fig. 8a. Upward radiance  f o r  p = 0.1882, A = 0.2, and 4 = 90"; Pig. 8b. 
0 

po = 0.5379 and 0.1882, A = 1, and 4 = 90". See Fig. 2 f o r  key. 

Fig. 9. Upward radiance  f o r  p = 0.5379 and 0.1882, A = 1, and 0"  and 180°, 
o 

See Fig. 2 f o r  key. 



Fig. Boa. Downward r ad i ance  a t  bottom of atmosphere f o r  I.I = 1 and A = 0 ;  
0 

Fig. lob.  1-1, = 1 and A = 0.2. See Fig.  2 f o r  key. 

Fig. l l a .  Downward r ad i ance  f o r  1-1 = 1 and A = 1; Fig. I l b .  uo = 0.1882, A = 0, 
0 

and 4 = 90". S e e  Fig. 2 f o r  key. 

Fig. 12. Downward r ad i ance  f o r  p = 0.5379, A = 0 ,  and 4 = 0"  and 180". 
o 

See Fig. 2 f o r  key. 

Fig. 13. Downward r ad i ance  f o r  p = 0.1882, A = 0 ,  and + = 0" and 180". 
0 

See Fig.  2 f o r  key. 

Fig. 14. Downward r ad i ance  f o r  v = 0.1882, A = 0.2, and 4 = 0" and 180". 
o 

See Fig. 2 f o r  key. 

Fig. 15a.  Downward r ad i ance  f o r  u = 0.1882, A = 0.2, and +I = 90"; Fig. 15b. 
0 

"0 
= 0.1882, A = 1, and 4 = 90". See Fig.  2 f o r  key. 

Fig. 16. Downward r ad i ance  f o r  v = 0.5379, A = 1, and 4 = 0" and 180". See 
0 

Fig. 2 f o r  key. 

Fig. 17 .  Downward r ad i ance  f o r  uo = 0.1882, A = 1, and 4 = 0" and 180O, See 

Fig. 2 f o r  key. 
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